
An 8 stage, order 6 Runge-Kutta scheme with a 9 stage, order 5 FSAL embedded scheme 
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With  c6  and  c7  having these fixed values, the nodes  c2,  c4  and  c5  have been chosen to minimize the principal error norm.

The nodes of the scheme are: 

  = c2

21

229
,   = c3

398

2805
,   = c4

199

935
,   = c5

541

959
,   = c6

29

39
,   = c7

575

576
,   = c8 1,   = c9 1. 

The principal error norm, that is, the 2-norm of the principal error terms is:  0.1037547445 x 10
( )−4

.

The principal error norm of the order 5 embedded scheme is: 0.6303816622 x 10
( )−3

.

The maximum magnitude of the linking coefficients is:  32.86795411.

The 2-norm of the linking coefficients is:  62.89536207. 

The stability regions for the two schemes are shown in the following picture.

  

The stability region of the order 5 scheme appears in the darker shade.

The real stability intervals of the order 6 and 5 schemes are respectively  [ ],−4.4717 0   and  [ ],−4.4717 0 . 

The following picture shows the result of distorting the boundary curve of the stability region of the order 6 scheme horizontally by taking

the 11th root of the real part of points along the curve.

  

The stability region intersects the nonnegative imaginary axis in the interval:  [ 0.5862, 3.0103 ]. 



The coefficients are:

c[2]=21/229, 

c[3]=398/2805, 

c[4]=199/935, 

c[5]=541/959, 

c[6]=29/39, 

c[7]=575/576, 

c[8]=1, 

c[9]=1, 

 

a[2,1]=21/229, 

a[3,1]=5306932/165228525, 

a[3,2]=18137258/165228525, 

a[4,1]=199/3740, 

a[4,2]=0, 

a[4,3]=597/3740, 

a[5,1]=94539185952859/139708222009916, 

a[5,2]=0, 

a[5,3]=-360526602615135/139708222009916, 

a[5,4]=86200229584590/34927055502479, 

a[6,1]=-8978969288480000243857587089/3094782216331416263956902924, 

a[6,2]=0, 

a[6,3]=99268298611547543700685925/8262922327440626705984748, 

a[6,4]=-162409472645307771282700363150/17326138018112792098834790979, 

a[6,5]=40197004738132352835791693452/40001804824576007393862935391, 

a[7,1]=20286604731599462128958430510992102863475/2582125222615604140408598429414209880064, 

a[7,2]=0, 

a[7,3]=-7596345291112508505437918843804759875/237729392100642727921981994337042432, 

a[7,4]=6620788516589830027125628007103689280061615375/250839001756308652298222060087067489645625344, 

a[7,5]=-16378468176189294528981106978962032922592625/7724684380599693853826720717982679148003328, 

a[7,6]=97768503635786059874525/119061117135805961207808, 

a[8,1]=13855115178421131108323299597371007/1715122015582524727359996149290620, 

a[8,2]=0, 

a[8,3]=-239541724384503198568188548325/7288002275830304575859927972, 

a[8,4]=95651830919667211530668834468508100881883600/3523904935082188448634512810545504833479151, 

a[8,5]=-741690472086763685807332786432434772072/338035693248463587532944907545647623719, 

a[8,6]=257132510132640765480/305396035838269868597, 

a[8,7]=-1187059899803728084992/657869227273850599426895, 

a[9,1]=1697710672/26928207375, 

a[9,2]=0, 

a[9,3]=0, 

a[9,4]=164490038363253411875/503598049753427901952, 

a[9,5]=688263291863311978681/2293101349345635227520, 

a[9,6]=237419997287733/1436816713308800, 

a[9,7]=2129892164719607808/556154447061193625, 

a[9,8]=-680161433/184588800, 

 

b[1]=1697710672/26928207375, 

b[2]=0, 

b[3]=0, 

b[4]=164490038363253411875/503598049753427901952, 

b[5]=688263291863311978681/2293101349345635227520, 

b[6]=237419997287733/1436816713308800, 

b[7]=2129892164719607808/556154447061193625, 

b[8]=-680161433/184588800,



b*[1]=1097924377519127782369/17974423922545824426000, 

b*[2]=0, 

b*[3]=0, 

b*[4]=22948656626877224955778831923125/68757710895541194720834617432064, 

b*[5]=6422693908420175795081848535941/23428040725205156020096373368320, 

b*[6]=5409978194277871906843931/26640747567082588647769600, 

b*[7]=6875699405989996627114328064/2577985433915837392040353375, 

b*[8]=-11170820866846625947/4400427318713395200, 

b*[9]=-1/1764.
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